Introduction.
In this note we consider a problem connected with some important work of Polya [4] . We prove the following Theorem. Let (1) a0 + aiz + a2z2 + • • • (a0 = 1), be a formal power series which does not reduce to a polynomial.
(i) Assume that, for every positive integer n, the zeros of (2) Sn(z) = a0 + aiZ + a2z2 + • • • + anzn lie in a closed half-plane, which is allowed to vary with n, but contains the origin on its boundary.
Then (3)
| an-i\ + | an\ > 0 (n= 1,2,3.
•■ ■), and (4) lim sup | a"|1/n2 < 1.
B-loo
It might be of interest to compare this result with the following one, more general but less precise.
Assume that, in the above Theorem, the condition (i) is replaced by the condition (ii) for every n (^ 1), the zeros of S"(z) lie in the angle An defined by dn -a/2 ^ arg z ^ dn + a/2 (0 g a < 2x).
Then the function represented by (I) is entire and of order zero: (5) lim | a"\llnl0*n = 0. Taking k = n and r = 2, it is clear that (1.1) and the assumptions ao= 1| a"5^0 imply
As (1) is not a polynomial, (1.2) proves (3). In order to prove (4), we put
If aB?^0, we also introduce
We set, in (1.1),
This is possible because (1.2) implies 7">0. We find
Let /" be the smallest positive integer such that
Clearly/" is either 1 or 2 and in view of (1.3), the inequality (1.4) may be rewritten as
The latter inequalities are to be understood in the following sense: to each positive integer n such that <p(n) 9^ + °°, there corresponds an integer/", equal to 1 or 2, such that <t>(n -jn) ^ + 00, and such that the inequalities (1.5) are satisfied. We next introduce a convenient terminology. We say that the real sequence (2.4) ^(»o), lK«o + 1), lK»o + 2), • • • finite or infinite, has the property (P) if it satisfies the three following conditions: (i) certain elements of (2.4) may have the value + oo ; however, no two consecutive terms are equal to + oo ;
(ii) t(no)>0, ^(no + l)>0; (iii) if n = na+2 and ^(re) t^ + oo, one at least of the two inequalities \f/(n)-\f/(n -l)>0, yp(n) -\j/(n -2)>0 is satisfied. Taking m = no, we see that if a sequence has the property (P), its finite terms are necessarily positive. We now choose an integer reo such that \4>(n) \n=nil nas the property (P). This is possible in view of (1.2), (1.3), (2.2), and (2.3).
We next put ip(n) =4>(n) -Xre2 and, by an obvious continuity argument, choose X such that (2.5) 0<X<l/p, and so small that the finite sequence (2.6) *(n"), *(»o + 1), *(»o + 2), • • • , *(no + p)
has the property (P). If k is either p or £ + 1, (2.5) implies
which is valid for n^k, k=p, p + 1. Hence
If d>(n0+p + l)^ + oo , we may take in (2.8)
This yields (2.9) +(n) -+(n -jn) > 0, because (2.6) having the property (P), one of the two quantities {<K» -jn) -i(n -p)}, {\p(n -jn) -\p(n -p -1)}, is positive. Hence the sequence {^(n) }^"+1 has the property (P). This enables us to use (2.8) with n = n0 + p + 2, and to conclude that {i[/(n)}n0=np0+2 has the property (P). An obvious induction shows that {\j/(n) }n~na has the property (P). As this implies the positivity of 4'(n), our theorem is proved.
